Mechanical behavior of a bilayer graphene cylindrical panel and nano-tube is studied based on nonlocal continuum mechanics with regard to this aim, von-Karman assumptions and nonlocal theory of Eringen are considered. Then, the governing equations and boundary conditions have been derived applying energy method. While analyzing the bilayer cylindrical panel, the van der Waals interaction between the layers is considered in calculations. The constitutive equations are developed for nano-tubes under internal and external pressures. In order to solve the governing equations, the semi-analytical polynomial method (SAPM), which was presented by the authors before, is utilized and bending behavior of bilayer cylindrical panels and nano-tubes is investigated. Finally, the effects of temperature, boundary conditions, elastic foundation, loading, van der Waals interaction between the layers and single layer to bilayer analyses are studied for graphene cylindrical panels and nano-tubes.
Introduction
Shells and panels are the most frequently applied engineering structures and are categorized in several groups. The curvature of shells is one basis of the categorization which is most significant in geometric shapes (cylindrical, conical, and spherical, etc.) and related equations. Another basis of the categorization is thickness of the shell, which divides into two groups of low thickness (shell) and high thickness (plate), for the thickness-to-radius ratio of (h/R) max 1/20, it is assumed to be a low thickness shell. According to ever-increasing application of shells in industries, the significance of studying behavior of shell structures in different cases of loading including bending and buckling becomes more pronounced. One interesting nano structure which scientifics are devoted to is the carbon nano-tube. The tubes were discovered in 1991 (Iijima, 1991) . Single wall carbon nano-tubes can be assumed as 2D single layer graphene sheets which are rolled. The extraordinary attributes of graphene sheets, carbon nano-tubes and their exclusive specifications made them a reason to progress and renovation of difference researches and nano-science (Tans et al., 1997; Martel et al., 1998; Postma et al., 2001) . Experimental tests in nano scale are difficult and expensive. Therefore, developing a suitable mathematical model for nano structures is important. Continuum mechanics model is an appropriate and a low-cost solution. Disadvantages of the continuum method is that it is not possible to estimate the exact small scale effects. When the size of structures is small, the effects of small scale on mechanical behavior are very important. To eliminate the disadvantage in the classic continuum model, Eringen and Edelen (1972) presented a nonlocal elasticity theory and modified the classical continuum mechanics to consider the effects of small size. By considering the effects of size in related equations as material properties, the nonlocal theory of Eringen is extremely effective in presenting an exact and appropriate model of nano structures. Hence to study behavior of nano plates in many presented studies, the nonlocal theory is applied. Murmu and Pradhan (2009) applied the theory of nonlocal elasticity to rectangular single layer graphene sheets in elastic environment. They applied both models of Winkler and Pasternak to simulate reactions of graphene sheets with their elastic environment. Reddy and Pang (2008) studied bending and buckling of carbon nano-tubes based on nonlocal theory. Aghababaei and Reddy (2009) investigated bending and free vibration equations based on the third-order shear deformation theory/ The nonlocal effects were then solved analytically for a isotropic rectangular sheet with simple boundary conditions. They concluded that two first order and third order shear deformation theories had similar results while related results from nonlocal theory of thin shell were difference. Pradhan (2009) analyzed buckling of isotropic graphene rectangular plates based on the third-order shear deformation theory and the Navier method. He concluded that by increasing the small scale effects or decreasing length of the plate, the ratio of nonlocal buckling loads to the local case would be increased. The first solution of the buckling problem of cylindrical shells under uniform lateral pressure was presented by Brush and Almroth (1975) . Then many extensive researches on buckling of cylindrical shells by different materials and different boundary conditions have been done. Hoff and Soong (1965) studied buckling of a cylindrical shell under axial load in different conditions. They showed that if the ratio of shell length to its thickness was large enough, the value of stress in buckling mode would always be independent from length of the shell and the maximum critical stress would occurr for simply supported boundary conditions. Linghai et al. (2008) considered buckling of a cylindrical panel under axial load by a differential quadrature method in which the load was perpendicular to the surface. Zhao and Liew (2009) analyzed a cylindrical panel made of a functionally graded material (FGM) under thermal and dynamic loads based on the first order nonlinear shear deformation theory by applying the free element method. Nguyen and Hoang (2010) studied stability of a cylindrical panel made of a functionally graded material under axial pressure and simple supported boundary conditions. It was found that by increasing the ratio of length to radius of the cylindrical panel, critical load always increased. Khazaeinejad et al. (2010) analyzed buckling of cylindrical shells made of a functionally graded material under both axial loads and internal pressure by using the first order shear deformation theory. They concluded that by decreasing the power factor of material properties, critical load increased. Lancaster et al. (2004) investigated the effect of imperfections on the buckling load in the form of local initial stress, which were probably more typical in practice than in purely geometric ones. Bisagni and Cordisco (2003) experimentally studied buckling and post-buckling behavior of four unstiffened thin-walled CFRP cylindrical shells for which the test equipment allowed application of axial and torsional loadings. Their results identified the effect of laminate orientation, showed that the buckling loads were essentially independent of the load sequence and demonstrated that the shells were able to sustain load in the post-buckling field without any damage. Degenhardt et al. (2010) performed buckling tests and buckling simulations on CFRP cylindrical shells to investigate the imperfection sensitivity and to validate the applied simulation methodologies. Fazelzadeh and Ghavanloo (2014) purused vibration characteristics of curved graphene ribbons (CGRs) embedded in an orthotropic elastic shell and investigated that there was significant dependence of natural frequencies on the curvature change. Biswas (2014) presented nonlinear analysis of plate and shell structures under mechanical and thermal loadings. In this paper, for the first time, the nonlinear bending analysis of bilayer graphene cylindrical panels and nano-tubes has been studied. Nonlocal constitutive equations have been derived and solved applying SAPM (Dastjerdi et al., 2016c). It has been tried to consider all effective parameters on study such as boundary conditions, nonlocal parameter, temperature, loading, elastic foundation, etc.
Nonlocal theory
Different non-classical theories have been presented to analyze structures in nano and micro scales such as strain-gradient theories, couples stress and the nonlocal theory of Eringen. With regard to considering the simplicity of the equations and satisfactory results of the nonlocal theory, this theory has been applied by many researchers to analysis of mechanical behavior of nano structures. In other words, this theory has been applied in the present article, considering its advantages. According to the nonlocal theory of Eringen, stress in a specified point of surface is a function of strain in all points of the surface. As below in the integral equation, it is shown as a function of local stress (Eringen and Edelen, 1972) 
The integral must be calculated on the total surface. χ is a point whose stress can be calculated according to stress of all χ ′ points of the structure. The indices i, j are the same for x, y, z of the shell coordinate components. The distance between χ and χ ′ can be presented by |χ ′ − χ| and α(|χ ′ − χ|), which are nonlocal weight functions. σ L ij and σ N L ij are local and nonlocal stresses, respectively. Finally, Eq. (2.1) can be expressed for the 2D case as
In the above, a is related to internal dimensions and small size, e 0 is the material coefficient which results from experimental studies. The value of the nonlocal parameter µ is not specified exactly and is dependent on boundary conditions, mode number, layer quantity and type of movement (Eringen and Edelen, 1972) . Wang and Wang (2007) illustrated that the value of the nonlocal parameter (e 0 a) is between 0 and 2 nm. Consequently, many researchers have considered this range of the nonlocal parameter in their investigations. As a result, in this paper, the nonlocal parameter is assumed between 0 and 2 nm, too.
Governing equations
A bilayer graphene cylindrical panel is considered as shown in Fig. 1 , resting on a Winkler--Pasternak elastic medium under uniform transverse loading q. The Winkler-Pasternak stiffness coefficients are k w and k p , respectively. Winkler considers the elastic foundation to be completely In the Pasternak elastic matrix, the effect of shear force among the spring elements is considered, which is completed by connecting the ends of the springs to the plate that only undergoes transverse shear deformation. The relationship between the load and deflection is obtained by assuming the vertical equilibrium of a shear layer (P = k w w + k p ∇ 2 w). The amount of van der Waals interaction depends on the distance between the layers. k o and k * o can be introduced as a stiffness of spring force (van der Waals interaction) as k o (w2 − w1) + k * o (w2 − w1) 3 in which w1 represents defection of the upper layer and w2 -the bottom layer. In practical investigations, the values of w1 and w2 are close to each other. So, the term (w2 − w1) 3 is extremely insignificant. As a result, the non-linear term can be neglected for simplicity of calculations, and the van der Waals interaction can be considered linear as k o (w2 − w1).
In this study, the constitutive equations are derived based on the first-order shear deformation theory (FSDT) in which the neglected assumptions in the classical plate theory are considered with more accuracy. According to the first-order shear deformation theory, the displacement field can be written as follows
where ui, vi and wi are the displacement components of the mid-plane along the x, y and z directions, respectively. ϕi and ψi refer to the rotation functions of the transverse normal to y and x directions. The index i = 1, 2 refers to the upper and bottom layers, respectively. The strain filed is then as below
Now to obtain equilibrium equations, an energy method is applied in which variation of potential energy for external loads and strain energy must be zero
Equation (3.4) describes the strain energy which can be expanded as follows
The stress and moment resultants are specified as follows
where k s is the shear factor correction coefficient for the first-order shear deformation theory, which is taken 5/6. Now by substituting Eqs. 
Boundary conditions
All possible boundary conditions have been assumed as simply supported (S), clamped (C) and free (F) edges, which can be written as follows (for the first line 0 < x < L x and for the second line 0 < y < L y )
Solution
Taking a look on the governing equations, it is clear that a system of nonlinear partial differential equations has been obtained whose solution is not possible to be determined by common analytical methods. In the paper, a new semi-analytical polynomial method (SAPM) is applied, which was presented before by the authors (Dastjerdi et al., 2016c) . The SAPM formulation is extremely simple and its accuracy was proved before (Dastjerdi et al., 2016c). According to the mentioned explanations for SAPM, to achieve a solution to the governing equations, the below displacements and rotations can be introduced (Dastjerdi et al., 2016c) (i = 1, 2 for the upper and bottom layers)
By considering Eqs. (5.1) in constitutive equations (3.7)-(3.9), the partial differential equations will be transformed into algebraic equations. The obtained equations can be solved by considering boundary conditions.
Numerical results and discussion
The curvature radius of the graphene panel has been assumed to tend to infinity in order to obtain a rectangular plate. Then, the results are compared with those by Dastjerdi and Jabbarzadeh (2016). According to Fig. 2 , it can be seen that the results are close to each other. The small differences occurred because of tending the radius of the cylindrical panel to infinity. Also, it can be concluded that the differences increase for more flexible boundary conditions. However, the maximum difference is about 2.5%, which is insignificant. Consequently, the obtained results of DQM (Dastjerdi and Jabbarzadeh, 2016) are in compliance with the results of SAPM in this paper. Table 1 indicates the effect of temperature on the results for different types of boundary conditions. It is observed that in higher temperature, the maximum deflection increases. The variations are approximately linear and there is not a considerable difference between CCCC and SSSS boundary conditions. The variations are the same. Also, it is observed that by increasing the nonlocal coefficient, the deflection decreases and the rate of variations remains constant. In CCCC boundary conditions, by increasing the nonlocal effect, the deflection decreases faster, but in SSSS boundary conditions, the variations are small. For example, deflections for e 0 a = 1 nm and e 0 a = 2 nm are not considerably different, but in CCCC boundary condition, they are different. It may result that in SSSS boundary conditions, due to its more flexibility, temperature raise versus an increase in the small-scale effects is more than in CCCC boundary conditions, and by increasing e 0 a, the deflection has a less descending rate. The properties of the panel are presented below To survey the effect of Winkler-Pasternak elastic foundation, Tables 2 and 3 present different types of boundary conditions. In both tables, higher values of elastic the foundation stiffness lead to smaller deflections. As mentioned before, SSSS boundary conditions have more effects on the results, as seen in Table 1 . For example, in Table 2 , it is considered that by increasing e 0 a in CCCC boundary conditions, the normal falling rate is available, but in SSSS boundary conditions, the falling rate is smaller. The mentioned variations can be observed in Table 3 , too, but it seems that the effect of Pasternak elastic foundation is more evident. Basically, Winkler and Pasternak elastic foundations have a fairly important role in the analysis. It is due to the direct effect of the nonlocal coefficient on the elasticity of Winkler and Pasternak foundations in Eq. (3.9). Consequently, the availability and their values are important in the small scale effect when the nonlocal elasticity theory is applied. The van der Waals force is a kind of force which depends on the distance between the layers (Dastjerdi and Jabbarzadeh, 2016). As the distance between two layers decreases, the van der Waals force increases. Figure 3a is drawn for CCCC boundary conditions, and Fig. 3b for SSSS boundary conditions. According to the figures, it is observed that by increasing k 0 , the deflections of two layers approach each other, and after a specified value, an increase in k 0 has no impact on the results. In both Figs. 3a and 3b, also it is observed that by increasing the nonlocal parameter, the deflections of both layers approach each other faster than before. Therefore, increasing the nonlocal effect results in an increase in van der Waals interaction between the layers. In Fig. 3b , it can be concluded that by increasing small-scale effects, more variation results rather than in CCCC boundary conditions. However, the variations are approximately similar and no considerable change is observed. In this case, the elastic foundation is available and the variations in both cases of CCCC and SSSS boundary conditions are approximately similar. For better perception, Fig. 4 shows variation of the ratio between the deflections of the bottom layer to the upper layer R b versus an increase in the van der Waals force. It is clearly observed that at the beginning of rising k 0 , the rate of variations is elevated, and in the following, it decreases. Totally, variations in SSSS boundary conditions are greater than in CCCC boundary conditions. This observation results from Figs. 3a and 3b too. Also, by increasing the nonlocal effects, R b becomes greater. In one specified k 0 , which in this case is about 10 GPa/nm, R b has the maximum distance from other ones in four cases of boundary conditions and nonlocal coefficients.
An increase in radius of the nano graphene shell (R) makes curvature lower and the cylindrical shell transforms into a flat rectangular sheet. Figure 5 shows the effects of increasing R on the results. By increasing R, the deflection grows and the rate of variation is high. Continuing, the rate becomes less and remains constant. An infinite value of R means that the cylindrical shell is transformed into a flat rectangular plate. Therefore, by bending the rectangular plate, its deflection subsequently decreases. In SSSS boundary conditions, due to its flexibility, the deflection variations due to R are slow. Also the effect of nonlocal analysis in CCCC boundary conditions is greater than in SSSS boundary conditions. According to Fig. 5 , it is observed that when R rises, the value of R m in CCCC boundary conditions decreases more. In this case, the nonlocal effects on the results are more evident (the specifications of panel are similar to Eq. (6.1), only L y = 5 nm and ∆T = 0). As told before, the nonlocal analysis is more effective in small scales. In this regard, Fig. 6a and 6b are drawn. It is observed that by increasing length of the graphene shell, the deflection increases too, and then, the rate of ascending becomes less and remains fixed at one specified value whose further increase in size has no any considerable impact on the results. It is observed that the increasing length results in smaller nonlocal effects, and the effects become greater by decreasing the size. Increasing the size leads to a rise in the ascending rate of reduction of the nonlocal effect, and this conclusion is clearly obvious for higher values of e 0 a. Generally, in small sizes, the nonlocal effects are considerable and nonlocal analysis must be applied. But in larger sizes, the classical theory gives acceptable results by considering a suitable approximation. So, the classical theory is applied for the sizes greater than the nano scale. Now a nano-tube under internal pressure is studied. This case could be assumed as a shell with radius R whose curvature between both ending edges is 2π in θ direction, so that the edges are connected to each other. Nano-tubes can be used widely. For example, to transfer fluid through nano-tubes, the related mechanical properties must be specified. These nano-tubes can be applied in medical purposes such as nano vessels. In this study, the value of expansion and contraction of a nano graphene tube under internal and external pressure are surveyed. At first, a bi-layer nano-tube is studied, whose layers are connected to each other by van der Waals interaction. The ratio of deflection of the bottom layer to the upper layer is defined as R b . Now, a bilayer nano-tube is assumed with the specifications given below (R b = w bottom layer /w upper layer ) Figure 7 shows the effect of increasing radius of the nano-tube on its expansion R b for different values of van der Waals forces. It is observed that by increasing the value of R, it leads to an increase in R b too, and in the following, its raising rate lowers and, finally, an increase in R, does not have any considerable effect on variation of R b any longer. The obtained results are similar with the related results for the shell type studied in Fig. 5 . As it is expected, an increase in the van der Waals force has direct effect on the deflection of two bottom and upper layers. By increasing the van der Waals force, these deflections approach each other faster.
To reinforce single layer nano-tubes, bilayer nano-tubes can be applied. To survey the effect of being bilayer nano-tubes on the results, Fig. 8 is presented (R bs = w bilayer /w single layer ). Figure 8 shows variation of R bs versus nano-tube radius. As it is observed, by increasing radius R, the deflections of both bilayer and single layer nano-tubes approach each other, but for small values of radius R, the deflection of the bilayer sheet is considerably less than the single layer one. In this case, strength of the bilayer sheet is greater than the single layer one, but for a larger radius, the strength becomes smaller and the deflection of the bilayer sheet approaches the single layer sheet. Therefore, a single layer nano-tube can be used instead of nano-tube with R radius. Figure 8 is very useful for selection a nano-tube based on the single layer or bilayer one. The figure could be drawn for different conditions, and according to the requirements of the problem, the design must be chosen (k o = 45 GPa/nm) 
Conclusions
In this paper, for the first time, the mechanical behavior of a graphene cylindrical panel and nano--tube under internal and external pressure is studied. The system is embedded in an elastic matrix and the effect of thermal conduction has been taken into account too. Remarkable conclusions can be listed as follows:
• An increase in the nonlocal effect results in an increase in van der Waals interaction between the layers.
• The small scale effect decreases along the increase of temperature.
• By increasing nonlocal effects, the deflections of the upper and bottom layers approach each other.
• Whatever radius R of the shell is smaller, the nonlocal decrease effects. So, the maximum nonlocal effects occur for rectangular plates (when radius R tends to infinity).
• An increase in size leads to a rise in the ascending rate of reduction of the nonlocal effect.
• Whatever the radius of nano-tube R rises, the deflection of two layers approach each other.
• The strength of the bilayer nano-tube decreases due to an increase in radius. Consequently, for a high range of radius R, a single layer nano-tube can be applied instead of a bilayer one.
